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Abstract 

For a finite-dimensional simple Lie algebra g, let U^~(q) be the positive part of the quantized 
universal enveloping algebra, and A q (g) be the quantized algebra of functions. We show that 
the transition matrix of the PBW bases of U£(g) coincides with the intertwiner between the 
irreducible A g (g)-modules labeled by two different reduced expressions of the longest element 
of the Weyl group of g. This generalizes the earlier result by Sergeev on A2 related to the 
tetrahedron equation and endows a new representation theoretical interpretation with the recent 
solution to the 3D reflection equation for CV Our proof is based on a realization of U^(g) in 
a quotient ring of A q (g). 

1. Introduction 

Let g be a finite-dimensional simple Lie algebra and U q (g) be the Drinfeld-Jimbo quantized 
enveloping algebra. U q (g) has the subalgebra U+(q) generated by the Chevalley generators 
e\, ... , e„, (n = rankg) corresponding to the simple roots. Denote by W = (s 1; . . . , s n ) the 
Weyl group of g generated by the simple reflections s\, . . . , s n . It is well known (see for example 
[15] ) that for each reduced expression w = s il ■ ■ ■ s i; of the longest element w 6 W, one can 
associate the Poincare-Birkhoff-Witt (PBW) basis of U+(g) having the form 

E? = e^e% 2) • • • e%\ A = ( ffll) . . . ,0,) € (Z>o)', 

where ei 's are the divided powers of the positive root vectors determined by the choice 
i = (h, . . See Section^ Let {Ef | A e (Z> )'} with j = (ji,. . . ,ji) be another PBW 

basis associated with a yet different reduced expression w = Sj 1 ■ ■ ■ Sj t . Following Lusztig |14j , 
one expands a basis in terms of another as 

se(z> )' 

and obtains the transition coefficient 7^ uniquely. We have suppressed its dependence on i,j 
in the notation. Many remarkable properties are known for 7^ including the fact 7^ G 
See [TH Prop. 2. 3] for example. 

In this paper we show that the transition coefficients 7 = (7^) coincide with the matrix 
elements of the intertwiner between the irreducible j4,j(g)-modules labeled by two different 
reduced expressions of the longest element of the Weyl group of g. Here A q (g) denotes the 
quantized algebra of functions associated with g. It is a Hopf subalgebra of the dual U q (g)* 
which has been studied from a variety of aspects. See [U [TTJ [TT1 HH1 [2TJ [22j [23] for example. Let 
us briefly recall the most relevant result to the present paper due to Vaksman and Soibelman 
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[2T1 [22] [23]. To each reduced expression of a (not necessarily longest) element w = • ■ ■ Si r £ 
W, one can associate an irreducible representation ix\ labeled by i — . . . , i r ) having the form 

7Ti = 7r n ® ■ • • <g> 7T ir : A q (g) -> End(J" gii <g> • ■ • <g> J 7 ,^ ), 

where each component 7Tj : ^4g(g) — >• End(J- gi ) is the fundamental representation of A ? (g) 
on the g-oscillator Fock space J- q% = (B m > C(q)|m). See Section f4.lt The two irreducible 
representations 7Tj and 7Tj with j = (ji, ■ ■ ■ ,j r ) are isomorphic if Si 1 ■ ■ ■ Si r = Sj 1 • • ■ Sj r £W are 
reduced expressions (Theorem [7]) . Thus one has the intertwiner $ = <&i j : T qi ® ■ ■ ■ <8> J- qir — > 
J~ qji (g> ■ ■ - ® J-" 9jV characterized by 

7Tj( ff ) 0$ = $0^(5) V 9 eA,(g) 

up to an overall constant. Writing the basis of the Fock space J 7 qi (g> • • • ® as |j4) = 
ai) ® • • • ® |a r ) with ^4 = (01, . . . ,a r ) £ (Z>o) r , we define the matrix elements of $ = ($5) 
by <S>\B) = X^a^sI^) an< ^ * ne normalization ! = ^- C* ur ma i n result (Theorem ITTj) is 
concerned with the longest element case r = I and is stated for each pair (i, j) as 7^ = <&^, i.e., 

7 = $. (1) 

For a convenience we also introduce the "checked" intertwiner $ v = $ o cr, where cr(|eti) (g) • • • ® 
|a/)) = |a;) ig) • • • f& |oi) is the reversal of the components. 

Our work is inspired by recent developments in 3 dimensional (3D) integrable systems related 
to rank 2 cases. Recall the Zamolodchikov tetrahedron equation [26] and the Isaev-Kulish 3D 
reflection equation [5]: 

-R356-R246-R145-R123 = -R123-R145-R246-R356, (2) 

i?456^489-^3579-R269-R258-^1678-?^1234 = ^1234-^1678^258^269^3579-^489^456- (3) 

They are equalities among the linear operators acting on the tensor product of 6 and 9 vector 
spaces, respectively. The indices specify the components in the tensor product on which the 
operators R and K act nontrivially. They serve as 3D analogue of the Yang-Baxter and reflection 
equations postulating certain factorization conditions of straight strings which undergo the 
scattering R and the reflection if by a boundary plane. 

For q — A 2 , Kapranov and Voevodsky [TU] showed that R = <1> V £ End(J"® 3 ) provides a 
solution to the tetrahedron equation @. Moreover it was discovered by Sergeev [T5] that the 
solution of the tetrahedron equation R in [5] (given also in [TO] with misprint) is related with the 
transition matrix as 7 = R o a. Thus the equality {l} for g = A2 is a corollary of their results. 
Apart from the A2 case, it has been shown more recently [12] that K = $ v for g = C2 yields 
the first nontrivial solution to the 3D reflection equation ([3]). See also 13] for g = B-2- These 
results motivated us to investigate the general g case and have led to ([1]). It is our hope that 
it provides a useful insight into higher dimensional integrable systems from the representation 
theory of quantum groups. 

The layout of the paper is as follows. In Section[2j we summarize the definitions of U q (g) and 
PBW bases. In Section [3] we recall the basic facts on A q (g) following Kashiwara [11]. A fun- 
damental role is played by the Peter- Weyl type Theorem [T] The relation with the Reshetikhin- 
Takhtadzhyan-Faddeev realization by generators and relations [TO] is explained and its concrete 
forms are quoted for A n ,C n and G2 [20] which will be of use in later sections. Our new re- 
sult here is the construction of a certain quotient ring A q (g)s of A q (g). The special elements 
o~i £ A q (g) (Definition [3]) and & £ A q (g)s ([36]) will play a key role in our proof of ([I]). In 
Section [4] we briefly review the representation theory of A q (g) in [21] [22l [23] and sketch the 
intertwiners for the rank 2 cases. Section [5] is devoted to the proof of the main theorem 7 = <f>. 
It reduces to the rank 2 cases and is done without recourse to explicit formulae of 7 or Our 
method is to identify their characterizations under the correspondence e,- 1-^ ^j. In Section [6] 
as an additional result we show that this map actually extends to an algebra homomorphism 
U q {g) -> A q (g) s for general g. 
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2. Quantized enveloping algebra U q (g) 

2.1. Definition. In this paper g stands for a finite-dimensional simple Lie algebra. Its weight 
lattice, simple roots, simple coroots, fundamental weights are denoted by P, {a^jig/, {hi}t e i, {tUi}i^i 
where I is the index set of the Dynkin diagram of g. The Cartan matrix ((Hj)i,jei ^ s give 11 by 

a,ij = (hi,otj) = 2(ai,otj)/(oti,ai). 

The quantized enveloping algebra U q (g) is an associative algebra over Q(q) generated by 
{e,, fi, kf 1 | i G 7} satisfying the relations: 

h-h- — h h- h £- — 1 — h~^h- — 1 
1 3 — 3 1 ' — ™% — L t 

k-p-k^ 1 - r, {h " aj) p- k f k^ 1 - n~ {h, - a3 ' > f \p- f-\-fs ki ~ k i 1 
K i e 3 K i — ft e 3> K iJ3 K i — ft h-> [ c nJ3\—°i3 -I i 

ft - ft 

^rVlfef e,ef- a «- r) = ^{-lYf^fift^ = « * i). (4) 

r=0 r=0 

Here we use the following notations: ^ = q^ Qi,a ^/ 2 , [m]i = (g,™ — <Z, _TO )/(ft — ft rl )> Mi' = 
[|™ =1 [m]„ e^™" 1 = ef/[n]i\, f- n ^ = f[ l /[n]il. We normalize the simple roots so that qi = q when 
cii is a short root. U q (g) is a Hopf algebra. As its comultiplication we adopt the following one. 

A(fcj) = h ® fa, A(ei) = ei (g> 1 + fc ; (g) ej, A(/;) = /; <g> fcr 1 + l ® 

2.2. PBW basis. Let be the Weyl group of g. It is generated by simple reflections 
{si | i G 1} obeying the relations: sf = 1, (siSj) miJ = 1 (i ^ j) where m<j = 2,3,4,6 for 
(/ij, aj)(hj, 0£i) = 0, 1, 2, 3, respectively. Let wq be the longest element of W and fix a reduced 
expression wo = Sj 2 • • • s,;, . Then every positive root occurs exactly once in 

A = /9a = s H (a i2 ), ... , Pi = s^Si;, ■ • • s^^a;,). 

Correspondingly, define elements G U q (g) (r = 1, . . . , I) by 

e/3 r =T il T i2 ---Ti r _ 1 (e ir ). (5) 

Here Tj is the action of the braid group on U q (o) introduced by Lusztig [TS]. It is an algebra 
automorphism and is given on the generators {e^} by 

Wei) = -ktfu Ti{ ej ) = f^i-lYqle^e^-^ 

U q {o) has a subalgebra generated by {e» | £ G I}, denoted by U^{q). It is known that 
e,g r G U q {o) holds for any r. U q {o) has the so-called Poincare-Birkhoff-Witt (PBW) basis. 
It depends on the reduced expression s^s^ • • • Sj, of wo- Set i = (£i, £2, . . . , £;) and define for 
A = (ai,a 2 ,...,ai) G (Z> )' 

s i A = 4? ) 4? ) ---4? ) - w 

Then {Ef \ A G (Z>o)'} forms a basis of J7+(g). We hope that the notations with i r € I 
and e^ r with a positive root /3 r can be distinguished properly from the context. 

3. Quantized algebra of functions A g (g) 

3.1. Definition. Following [IT] we give the definition of the quantized algebra of functions 
A q (g). It is valid for any symmetrizable Kac-Moody algebra g. Let Oi n t(fl) be the category 
of integrable left l/ g (g)-modules M such that, for any u G M, there exists I > satisfying 
ej 1 ■ ■ ■ e^u = for any £i,...,£; G /. Then 0; n t(g) is semisimple and any simple object is 
isomorphic to the irreducible module V(A) with dominant integral highest weight A. Similarly, 
we can consider the category Oi„t(g opp ) of integrable right [7 9 (g)-modules M r such that, for 
any v G M r , there exists I > satisfying vfi 1 ••■/», =0 for any i\, . . . , ii El. Oi n t(g opp ) is also 
semisimple and any simple object is isomorphic to the irreducible module V r (X) with dominant 
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integral highest weight A. Let u\ (resp. v\) be a highest-weight vector of V(X) (resp. V r (Xj). 
Then there exists a unique bilinear form ( , ) 

V r (X) <g> F(A) ->■ Q(g) 

satisfying 

(«a,ua) = 1 and 

K,«) = («,P«) for v G V(A),u G V(X),P G £7,(fl). 

Let J7q(g)* be HomQ/ 3 )(i/ g (fl),Q(g)) and (,) be the canonical pairing between f7 g (g)* and 
U q (g). The comultiplication A of U q (g) induces a multiplication of U q (g)* by 

(<p<p',P) = { V ®<p',&{P)) for P G C/ 9 ( fl ), (7) 

thereby giving U q (g)* the structure of Q (^-algebra. It also has a C/ g (g)-bimodule structure by 

(xtpy, P) = (</?, yPx) for x, y, P G 17,(0). (8) 

We define the subalgebra -Ag(fl) of U q (g)* by 

A(fl) = i<P e u q(9)*> u q(8)v belongs to O int (g) and (pU q (g) belongs to Omt(fl° pp )}, 

and call it the quantized algebra of functions. 

The following theorem is the g-analogue of the Peter- Weyl theorem. See e.g. [TT] for a proof. 

Theorem 1. As a U q {g)-bimodule A q {g) is isomorphic to @ A V r (X) <8>V(A), where X runs over 
all dominant integral weights, by the homomorphisms 

* A : V r (X)®V(X)^A q {g) 

given by 

(^x(v ®u),P) = (v,Pu) 
forv G V r (X),u G V(X), and P G £7 9 (g). 

Let us now assume that g is a finite-dimensional simple Lie algebra and let 1Z be the universal 
R matrix. For its explicit formula see e.g. p. 273]. For our purpose it is enough to know that 

fc G? (wt-,wt.) {U+)p9{U-)- P , (9) 

/36Q+ 

where q^ wt ,wt ') is an operator acting on the tenor product u\ ® of weight vectors u\, of 
weight X,n by q( wt ' ,wt '^(ua®w m ) = q^'^ux^u^, Q+ = @ t Z> ai, and {U q t )±p is the subspace 
of U^(g) spanned by root vectors corresponding to ±/3. 

Fix A, let {u*} and {vf-} be bases of V(A) and V r (X) such that (v$,u§) = and 
= ^x(v^ ® M^). Let i? be the so-called constant P matrix for V(A) ® ^(/-0- Denoting 
the homomorphism J7q(g) — > End(V^(A)) by 7Ta, it is given as 

ROC (7T A <g>7I>)(crft), (10) 

where <r stands for the exchange of the first and second components. The scalar multiple is 
determined appropriately depending on g. The reason we apply a is that it agrees to the 
convention of [T8] . R satisfies 

RA(x) = A'(x)R for any x G U q (g) 

where A' =<roA. Define matrix elements Rij,kl by R{u^®u^) = J2i j Rij,ki u i ® u> j ■ Define the 
right action of Pon V r {X)®V r {n) in such a way that ((v£®v%)R, u£®uf ) = P(u£gmf )) 
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holds. Then we have (v* ® Vj)R = J2k i RijM v k ® v i- From 

R i3,mp{Vmk ( Ppl,X) = R id,'mp(<Pmk ® VpH A ( x )) 
m.p m.p 

= J2 %,™p(«m ® «£, A(a;)(u£ ® <)) 

m,p 

= ((^®«j , )i2 ) A(a:)(^®«n) 

= (i^ai^iZAfrXufc »«{*)) 

m,p 

= J2( v j ® A (z)K ® »i))^ P ii 

m.p 

= X^iP A (x))Rmp,kl = ^{VjpVim, x)Rmp,kl 

m,p m,P 

for any x e we have 

^2 Rij.mpVLkVpl = VjpVimRrnpM- (H) 

We call such a relation i?TT relation. 

3.2. Right quotient ring For later use we construct a certain right quotient ring of 

A q (o) by a suitable multiplicatively closed subset 5. Our reference is [16j Chapter 2]. 

Let R be a noncommutative ring with 1 and 5 a multiplicatively closed subset of R. The 
following condition is called the right Ore condition: 

(Ore) For any r £ R, s <E S, rS (1 sR=/= 0. 
Set 

ass 5 = {r <E R \ rs = for some s € S}. 
Then under the right Ore condition assiS turns out a two-sided ideal. Let — : R — !> i?/ass<S 
denote the canonical projection. Suppose 

(reg) S consists of regular elements, namely, elements x such that both xr — and rx — 
imply r = 0. 
Then a theorem in [THl Chapter 2] states 

Theorem 2. T/ie rig/it quotient ring R$ exists, if and only if (Ore) and (reg) are satisfied. 

By passing to the images by — , it suffices to consider the case when ass S = 0, and then 
elements of Rs are of the form r/s. For ri/si € R/S (i — 1, 2) the addition and multiplication 
formulae are given by 

n/si + r 2 /s 2 = (nu + r 2 u')/(siu), (ri/s 1 )(r 2 /s 2 ) = (riv')/(s 2 v), (12) 

where u,u',v,v' are so chosen that siu = s 2 u' (u 6 S, it' € i?), = sii/ (u S 5, u' € -R). 
Let us return to our case where R = A q (g). 

Definition 3. For any i £ I, let u Wo „ i (resp. ti^J be a lowest (resp. highest) weight vector of 
V{vJi) (resp. V r {wi)). Set 

See Lemma [5] and the comment following it for the characterization of cr, . 

Proposition 4. Let tpx^ be an element of A q (g) such that kiipx^ — qr 1 '^' 1 tpx^jipx^ki = 
qf 1 * ' ipx/j. for any i G I. Then the following commutation relation holds: 
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In particular, UiUj = OjOi for any i,j. 

Proof. Without loss of generality one can assume = ^(va® - ^,) for some v, v\ G V r {v) 1 G 
V(v) such that hu^ — q^'^ u^,v\ki — of l *' A ' ' v\. In view of (p]) . (fT0|) we have 

Then (fTTj) implies the commutation relation. The second relation follows from the first one, 
since (vji, zui) — (wQWi, w^vji). □ 

Let n be the rank of g and define 

5 = {< 1 ---O l |mi,...,m n eZ> }, 
which is obviously multiplicatively closed subset of A q (g). 

Lemma 5. Let s be a nonzero element in Ira^x satisfying fas — sfi — for any i £ I. Then 
»EQ(?)V •••©£» where Q(q) x = Q(q) \ {0} and A 4 = A). 

Proof. By jll),® /^crj 1 • • • cr*™ = a* 1 ■ ■ ■ a*" f t = for any % and u\ 1 ■ ■ ■ belongs to Im * A . 
By Theorem Q] such an element is unique up to an element of Q_(q) x . □ 

In particular cr, is characterized as the unique element (up to an overall constant) in Im 
such that fj(Ti = o"j/j = for all j G I. We remark that Theorem [TJ implies that if a nonzero 
element ip\,n G A q (g) satisfies the assumption of Proposition U and fjif\ tlJt — fx^ufj = for all 
j, then A = w fj, must hold. 

Theorem 6. The right quotient ring A q (g)s exists. 
Proof. In view of Theorem [2] it is enough to show that 

(1) if ip ^ 0, then ips ^ for any s G S, 
(V) if ip ^ 0, then s</j 7^ for any s G 5, and 

(2) the right Ore condition is satisfied, 

since (1) implies ass S = 0, then (1) and (1') imply S — S consists of regular elements. 

Let us prove (1). Let if = J2j Vj be the two-sided weight decomposition. If ipjs ^ for some 
j, ips since the weights of f js are distinct. Hence we can reduce the claim when if is a 
weight vector. Suppose ip = J2p if^^ip^ G Im ^ M and let A be a maximal weight, with respect to 
the standard ordering on weights, such that ip\ ^ 0. Choose sequences i\, . . . ,ik and ,ji 
such that f ik ■ ■ ■ fi 1 ifxfj 1 ■ • ■ fj t turns out a left-lowest and right-highest weight vector. Then 
by Lemma [5] it coincides with cs' with some c G Q(q) x ,s' G S. Then 

fi k ■■■ fh(<Ps)fh ■■■fii = c's's-\ 

with another c' G Q(q) x . By the maximality of A the remaining part + • • • in the right hand 
side does not contain the terms with the same two-sided weight. Hence • • • =0. Therefore, the 
left hand side is not and we conclude ips ^ 0. 

(1') is similar. For (2) we can reduce the claim when if is a weight vector, and in this case 
the claim is clear from Proposition [4] □ 

3.3. Realization by generators and relations. We consider the fundamental representation 
V{w{) of U q (Q) for g = A n -i,C n ,G 2 - Set N = dimV(t*7i). It is known [H HE] that A q (g) for 
q = A n -\, C n , G2 is realized as an associative algebra with appropriate generators (Uj)i<ij<N 
corresponding to V r (zui) (g> V(zu\) satisfying RTT relations 

^ ^ Rij ,mptmktpl ^ ^ ^jp^imRmp^kl (1^0 
m : p m,p 

and additional ones depending on g. See below for each g under consideration. In all cases, 
there exists a comultiplication A : A q — > A q ® A q given by 

A(%)=^tife®t fe j. (14) 
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3.3.1. A n -i case. We present formulae for A q (A n -\). In this case N = n. Let u\ and v\ 
be the highest-weight vectors of V{w\) and V r (w\) such that (v\,ui) = 1 and set Uj = 
fj—lfj—2 ' ' ' A ?i i7 v j — v\e\ei ■ ■ ■ Bj-x for 2 < j < n. Then the constant R matrix is given by 

E Rij,u E ik ® Eji =q^rEii®Eii + Y2 E a ® Ejj + (q-q~ 1 )Y^ ® £^ 

where .Ejj is the matrix unit. Define Uj = Wj). Then the PTT relations among 

(tij)i<ij<N read explicitly as follows. 



[Uki tji] 



(i<j,k>l), 
- q~ r )tjktu (i<j,k<l), 

Uktjk = qtjkUk {i < j), tkitkj = qtkjtki (i < j). 
In A n _i case we need another condition that the quantum determinant is 1, i.e., 

{-q)' {a) t lai ---t nan = 1, 



E 

<t£6„ 



where & n = VT(A n _i) is the symmetric group of degree n and l{a) is the length of a. 

According to Definition |3l we have u\ = t\-$ and 02 = £12^23 — 9^22^13- As an exposition, we 
note that cr^ in (I39[) is derived from 

(<riei,P) = (ti3ei,P) = (uiei,Pu 3 ) = (u 2 ,Pu 3 ) = (*23,P), 

(cr 2 e 2 , P) = {(ti2 ® ^23 - 9^22 ® ti 3 )A(e 2 ), A(P)> = (ti 2 fe 2 <8> t 2 3e 2 - gt22e 2 ® t 13 , A(P)) 

= (*12 ® *33 - 9*32 8) tl3, A(P)) = (ti2<33 - 9*32*13, P) 

for any P e [/ g (A 2 ). See e.g., [T7] for an extensive treatment. 

3.3.2. C n case. We present formulae for A q (C n ). In this case N — 2n. Let u\ be the highest- 
weight vector of V(m±) and define Uj for 2 < j < 2n recursively by = fjUj (j < 
n), —f2n-jUj (j > n). Let {y{\ be the dual basis to {ui} in V r (wi), namely, {vi} are de- 
termined by (vi, uj) — Sij. Then the constant R matrix is given by 

^ Rij,kiEik ® Eji = 9 E Eu ®E lt + ^ Em ® E# + q^ 1 ^ E u ® £W 

+ (l - I' 1 ) E E V ® ^ ~ ^ ~ q ^ E '-' /'/'' " / '-.- ® 

j' = 2n + 1 - i, ei = 1 (1 < i < n), e, ; = -1 (n < i < 2n), 

(ei,...,ean) = (n- l,n- 2,..., 1,0, 0,-1,..., -n+ 1). 

Define = (vi®Uj ) . The RTT relations are given by (fT3|) with the above Pij,fci . Additional 
relations are given by 

^ CjkClmtijtlk = ^ CijCkltkjtlm = —5i m {Cij = 8i,jiEiq ei ). 

3.3.3. G2 case. We have AT = 7 in this case. We adopt the basis {iii} of V{w\) that has the 
representation matrices given as in eq.(29)], and let {vi} the dual basis in V r (zui). Define 
Uj = ^^(vi^Uj). Then A q (G2) is generated by (iy)l<«.i<7 satisfying (i) and (ii) given below. 

(i) RTT relations (fT3|) with the structure constants specified by Rij ki = R %0 k i in [20l 
eq.(33)]. 

(ii) Additional relations 

g* = J2 tjlt ik 9 k \ J2 = E tfi^fL (15) 

where and / u fc are given by [20l eqs.(30),(31)]. 
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The relations [20., eqs.(20),(22)] are equivalent to (fT5|) if the RTT relations are imposed. See 
the explanation after [20j Def.7]. Note also that we use the opposite indices of the Dynkin 
diagram to [3D] . 

4. Representations of A q (g) 

4.1. General remarks. Let us recall the results in [221 122j on the representations of A q (g) 
necessary in this paper. Consider the simplest example A q (Ai) generated by *n, *i2, *2i, *22 
with the relations 

*11*21 = 9*21*11, *12*22 = 9*22*12, *11*12 = 9*12*111 *21*22 = 9*22*21, 
[*12,*2l]=0, [*n,*22] = (q - 9 _1 )*21*12, *11*22 - 9*12*21 = 1- 

Let Osc g = (a + , a - , k) be the g-oscillator algebra, i.e., an associative algebra with the relations 

ka + =qa+k, ka~ = g _1 a~k, a a+ = 1 - q 2 k 2 , a+a = 1 k 2 . (16) 

It has a representation on the Fock space T q = m>o C(q)\m): 

k|m) = q m \m), a+|m) = \m + l), a"|m) = (1 - 9 2m )|m- 1). (17) 

In what follows, the symbols k, a + ,a shall also be regarded as the elements from End(7 r q ). 
It is easy to check that the following map tt defines an irreducible representation of A q (Ax) on 
T q : 

( *11 *12^\ , f M a ~ " k \ /,M 

"1*21 * 22 J^U«- 1 k A^a+J' (18) 
where a, /Lt are nonzero parameters. 

Theorem 7 ([22"1 123]). 

(1) For each vertex i of the Dynkin diagram of Q, A q (g) has an irreducible representation 
TTi factoring through H18\) via A q (g) -» A qi (sl2,i). (sli,i denotes the sli-subalgebra of g 
associated to i.) 

(2) Irreducible representations of A q (g) are in one to one correspondence with the elements 
of the Weyl group W of g. 

(3) Let w = Sij • • • Si, G W be an reduced expression in terms of the simple reflections. 
Then the irreducible representation corresponding to w is isomorphic to tt^ <g) • • • (S> 7Tj, . 

Actually the assertions (2) and (3) hold up to the degrees of freedom of the parameters a, [i 
in (|18p . See |22j for the detail. We call 7Tj (i = 1,. .. , rankg) the fundamental representations. 
For simplicity we denote £§> • • • <8> iti, by 71^,...^,. 

A crucial corollary of Theorem [7] is the following: 

If Si ± ■ ■ ■ Si t = Sj 1 ■ ■ ■ Sj t G W are reduced expressions, then 71"^...^, ~ ■Kj lt ..._j l . 

In particular, there exists the isomorphism $ : F qii ® ■ ■ ■®J-q i — > J~ qjl <8> • ■ -®J~ qj[ characterized 
(up to an overall constant) by 

»,: j,(sO°$ 'I'—-: V 3 G A q {g). 

Here TTi 1 i t (g — tij) for example means the tensor product representation ^2 ri r 1 ~Ki t (U ri )(S> 

• • • (S> 7Tj, {tn_ 1 .j) obtained by the (I — l)-fold application of the coproduct ([T4"|). 

Elements of the Fock space mi) ® ■ ■ ■ ® \m{) G J- qji ® • • • <E> J-^ will simply be denoted 
by |mi, . . . , m;). We will always normalize the intertwiner by the condition $|0, 0, . . . , 0) = 
0, 0, . . . , 0). The exchange of the i th and the j th tensor components from the left will be 
denoted by Py . In the remainder of this section we concentrate on A q (g) of rank 2 cases g = 
Ai,Ci and G2, and present the concrete forms of the fundamental representations, definition 
of the intertwiners with a few examples of their matrix elements. 
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4.2. A2 case. Let T = {Uj)i<i,j<3 be the 3x3 matrix of the generators of A q (A2). The 
fundamental representations iri : A q (A2) — > End(J r g ) (i = 1, 2) are given by 



/Xia aik 
tti(T) = ( -qa^k ^a 4 




'10 
7T2(T) = ( fi 2 a- a 2 k 
k — ga^ 1 k /i 2 ~ 1 a + 



(19) 



where on, fa are nonzero parameters. 

The Weyl group W = (si, S2) is the Coxeter system with the relations 



2 2-1 
s i = «2 = !» 



SlS 2 Si = S 2 SiS 2 . 



Thus we have the isomorphism 7Ti2i — ^212- Let $ be the corresponding intertwiner and denote 
by R the checked intertwiner $ v explained after (jTJ) . 

7Ti2l$ = $^212, 7T121-R = i?7r 2 12' 7r 212 = ^13 ^2 12 -Pi 3) 

^2{Uk)- Define the matrix elements of R and 



R = $Pi 3 6 End(Jf 3 ) 



For example 7r 212 (ty) = J^fe,; ^{kj) ®^x{tk,l) 
its parameter-free part 3? by 



fc) 



r>abc a—j-\-k b—a — krnabc 



Then the following properties are valid for 31 = (Olfjf;) [12] . 

X-k 6%], B$ = unless (a + b, b + c) = (i + j, j + k), 



>j 

:i be 



ft, 



rnabc 



rncba mabc _ (g 2 )» (g 2 ) j (g 2 )fc rpijk 
kj ° ijk (q 2 )a(q 2 )b(q 2 )c abcl 



•^ijk\q=0 — ^i,6+(a-c)+^3,min(a,c)^fc,6+(c-n)-| 



(20) 
(21) 
(22) 



Here (q 2 ) a — E[m=i(^ — 9 2 ™) anc ^ (f)+ = max (0>2/)- Due to (|2U)) . ft is the infinite direct sum 
of finite dimensional matrices. An explicit formula of ftfj^ was obtained in [10] (unfortunately 
with misprint) and in [TJ eq.(59)] (in a different context and gauge including square roots). 
The formula exactly matching the present convention is |J2J eq.(2.20)]. The ft satisfies [TU] the 
tetrahedron equation @. 

Example 8. The following is the list of all the nonzero ftfil- 

ft^| = - 9 2 (i-? 4 )(i-? 6 )(i-g 8 ), 

^ = (l-? 6 )(l-« 8 )(l-g 4 -« 8 -« 8 -0, 



rn223 

■^■314 
•^314 



m405 _ _12 
X 314 — q . 



« a (l + g 2 )(l + g 4 )(l-g 8 )(l-g 8 -« 10 ), 

q 6 (l + g 2 + g 4 -q : 



,10 



,12 



,14\ 



Thus X&%\q=0 



<5a,i<$b,3^c,2 in agreement with <|22|) . 

4.3. C2 case. We have (91,92) = (9,9 2 )- Let T = (ty)i<i,j<4 be the 4x4 matrix of the 
generators of A q {C2)- We use Osc 9 2 = (A + ,A~,K) in addition to Osc g = (a + ,a~,k) (fT6|) . 
The fundamental representations 7r^ : A 9 (C*2) — > End(J r gi ) (z = 1,2) are given by 



Mia - 


aik 





° \ 


— 9a 1 " 1 k 


A , 1 - 1 a+ 














mar 


— Q!lk 








9a 1 " 1 k 





7T 2 (T) = 








() \ 





^ 2 A _ a 2 K 








-9 2 «2 X K /^ X A+ 










V 



(23) 



where Q.i,fa are nonzero parameters. 
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The Weyl group W 
Thus we have the isomorphism ^2121 



st, S2) is the Coxeter system with the relations 

S l = s 2 = 1) S2S1S2S1 — SiS 2 SlS 2 . 



7T1212- Let $ be the corresponding intertwiner and 
denote by K the checked intertwiner <£ v . 

712121$ = $7ri2l2, 7T2121-K^ = ^7T 2121 , 7T 2121 = -Pl4-p237ri212-Pl4^23, 

K = $Pi4-P23 G End(J" 9 2 ®T q ® T q 2 ® _F ). 
Define the matrix elements of if and its parameter-free part 3C by 



K\i,j,k,l) 



K^ d \a,b,c,d), 

a,b,c,d 



K 



abed 2(o— &) 6— jnsabed 



ijkl 



Mi 



ijkl 



Then the following properties are valid for 3C = (SCyjjjf) [H]. 



ri/ 1 rr/- 

JV — JV , 



3C 



abed 
ijkl 



unless (a + b + c, 6 + 2c + d) = (i + j + k, j + 2k + I), 

4\ t„2\ („i\ IJ2\ 



nrabed = (g )i(g )fc(g )l ryijkl 

ijM (g 4 )a(g 2 ) 6 (g 4 )c(g 2 ) d a " Cd ' 



tyabed \ 
^ijkl \q=0 



(24) 
(25) 
(26) 



5i,a'5j,b'&k,c'5i,d', a' = x + a+b — d, b = c+d— x — min(a, c+x), 
c = min(a, c+x), d = 6+(c — a+x) + , x = (c — a+(d— &)+)+. 

Due to (|24[) . is the infinite direct sum of finite dimensional matrices. An explicit formula 
of 3Cyj?; is available in 
reflection equation ([3]). 

Example 9. The following is the list of all the nonzero SC^no- 



eqs. (3.27), (3.28)]. This X and ft in Section satisfy [H] the 3D 



3v 



ov-1300 _ 

•^-2110 ~~ 

rv-2110 _ 

-^2110 — 

2201 _ 

2110 — 

rfc-3011 _ 

-^2110 — 

ov-3102 
^2110 

ov-4003 
•^2110 



g 8 (l-g 8 ), 

V(i-g 8 + g 14 ), 

"g 6 (l+g 2 )(l 



g 2 +g 4 



g 10 ), 



1-9 

10/ 



,14 



= -g iU (l 



g 2 )(l 



Thus 3C 2 nol9=o = ^0,3^6,0^0,1^,1 m agreement with (|26|) 



4.4. G2 case. We have (91,92) = (g,g 3 )- Let T = (tij)i<i,j<7 be the 7x7 matrix of the 



generators of AJG?)- We use 


Osc„3 = (A + , 


A , K) in addition to Osc„ = (a 4 


,a ,k) (HU). 




The fundamental representations 7r,; : A q {G2) 


-> End(J" 9i ) (i 




L, 2) are given by 








/ 


/iia aik 
















\ 






ga 1 " 1 k /i^ 1 a + 

























(Mia-) 2 
qa 1 Vi a k 


[2]iai^ika 




(aik) 2 
atHi X ka+ 







7Tl(T) = 







a a+ k : 
















(garV 


-Plifai/ii)- 1 


ka 


+ ( Mr 1 a+) 2 

























HisT aik 






I 
















-ga^k a" 1 


7 




/I 
























Ai 2 A~ a 2 K 



















-q 3 a^K ^ X A+ 














^ 2 (T) = 








1 










(27) 












^2 A 


a 2 K 



















-g 3 aj 















V° 











V 
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where Qfj, /U, are nonzero parameters and [2]i = q + q 1 as defined after (j4j. 
The Weyl group W = (s%, S2) is the Coxeter system with the relations 

S l = S 2 = 1) S2SlS 2 SlS 2 Si = S1S2S1S2S1S2. 

Thus we have the isomorphism 71212121 — 71121212. Let $ be the corresponding intertwiner and 
denote by F the checked intertwiner $ v . 

1"212121^ = $ 7T121212) 7T212121-F = F 7r 212121 1 7r 212121 = •f > 16-f > 25-f , 347ri21212-Pl.6-F ) 25-f > 34) (28) 

F = $ P16P25-P34 G End(J" ?3 ® J 7 , ® J 7 ^ ® ,F 9 g) F q s ® F q ). 
Define the matrix elements of F and its parameter-free part 3" by 
F\i,j,k,l,m,n) = £ F ;"S^l a A c, e, /), 

a 7 b,c,d,e,f 

pabedef _ 3c-3k+d—l+3e—3m2k-2c+l-d+3m-3e+n-fq<ibcdef 
r ijklmn ~ Ml P2 J ' ijUmn' 

Then the following properties are valid for 5F = 

n.afccrfe/ _ ~ r i rrabede/ n , / a+b+2c+d+e \ ( i+j+2k+l+m \ 
n jk Jn 6 %L = unless [ b+3c+M+3e+ f ) = ( J+3fc+ 2/ + 3m+rJ > ( 29 ) 

pafccrfe/ _ (q 6 )t(q 2 )j{q 6 )k(q 2 )i(q 6 ) m (q 2 )n c! .ijkimn 

(q 6 )a(q 2 )b(q 6 Hq 2 )d(q 6 )e(q 2 )f' 
Due to (|29l) . 5F is the infinite direct sum of finite dimensional matrices. The formula for 
^ij k fmn\q=o can be deduced by the ultradiscretization (tropical form) of [3l Th.3.1(c)]. Al- 
though a tedious algorithm can be formulated for calculating any given by using (j2"5)l , 
an explicit formula for it is yet to be constructed. 

Example 10. The following is the list of all the nonzero 9^10101 ■ 

«0°? = /(I - 9 2 )(1 - q 2 q 4 q% «0°i = - <Z 2 )(1 - <? 2 - <Z 4 + <? 8 + <T°), 

«? = -9(1 - ? 2 )(1 - ? 2 - 9 4 + q 8 + q W ), «o°l = 1 - 2g 2 + 2q 6 + 3g 8 - 2q 12 - 2q 14 - g 

«o 02 = ? 4 (-2 + 2, 6 + q * + q w ), nTill = -? 3 (i - ? 2 )(i - q 6 q% 

ffl = ?(i - ? 2 - « 4 - <z 6 + <z 10 + <z 12 + q'% - q\ 

«o°i =Q(l-q+ q 2 )d + q + <? 2 )(1 - q 2 q 8 )- 

5. Main theorem 



qr-l _ qr rrabcdef _ W Mg )j\Q )k{q )l\Q Mj J 



In this section we fix two reduced words i = («i, . . . , i;), j = (ji, . . . , j;) of the longest element 
w G W. 

5.1. Definitions of 7^ and In the i7 g (fl) side, we defined the PBW bases E^,E? of 
Uq(g) in Section l2~2l We define their transition coefficient 7^ by 

s 

While, in the A q (g) side, we have the intertwiner $ : F qii <g> • • • ® J" g4 — s> J 7 ,^ ® • • • ® 
satisfying 

7 r j ( 5 )o$ = $o7r i ( ff ) V 9 6 4,( 9 ). (31) 

We take the parameters /1, a in (fTS)) to be 1. This in particular means for rank 2 cases that 
/ii,0!j entering 71, (T) in (fT9|) . (l23l) and (l27l) are all 1. The intertwiner $ is normalized by 
$|0, 0, . . . , 0) = 0,0, ...,0). Under these conditions a matrix element $^ of $ is uniquely 
specified by 

*\B) =Y,*i\A), 
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where A = (ai, . . . , ai) € (Z>o)' and \A) = \a\) ® ■ ■ ■ ® \a{) E F qji ® ■ • ■ ® JT^ and similarly for 
\B) € F qi ® ■ ■ ■ ® T qi . Then our main result is 

Theorem 11. 



7b =*i. 

For any pair (i,j), from i one can reach j by applying Coxeter relations. In view of the 
uniqueness of 7 and $ and the fact that the braid group action Ti is an algebra homomorphism, 
the proof of this theorem reduces to establishing the same equality for all g of rank 2. This will 
be done in the rest of this section. 

5.2. Proof of Theorem 1111 for rank 2 cases. In the rank 2 cases, there are two reduced 
expressions s il ■ ■ ■ s it for the longest element of the Weyl group. Denote the associated sequences 
i = (ii, . . . , if) by 1,2 and set 1' = 2,2' = 1. Concretely, we take them as 

A 2 :l = (1,2,1), 2 = (2, 1,2), (ft) = (</,«), 

C 2 :l = (1,2,1,2), 2 = (2,1,2,1), (q x , q 2 ) = (q, q 2 ), 

G 2 :l = (1,2,1,2,1,2), 2 = (2,1,2,1,2,1), (q u q 2 ) = (q, q 3 ), 

where qi defined after ((4]) is also recalled. In order to simplify the formulae in Section 15-31 we 
use the PBW bases and the Fock states in yet another normalization as follows: 

EA:=([a 1 ] il \...[a l } il l)E^ = ef i ---e%, 

\A}):=d iuai ---di„ ai \A), d ha = q ; a{a - 1)/2 Xt, \i = (l-q*)-\ (32) 

where A = (01, . . . , ai). See after for the symbol [a]*!. ep r is defined in ([5]). Accordingly we 
introduce the matrix elements jg and <E>^ by 

e£ = Y,T%Ev, $\B)) = Y,®b\A)), (i = l,2). 

B A 

It follows that 7 £ = liULi([h}iJ/[a k }i k l) and ^ = nU(**,« J d ^b k ) B = 
(&!,... ,b t ). On the other hand, we know = $2nU ((<&)»*/(<&)<*) &om (ED, @) 
and (I3T)]) . Due to the identity (qf) m di, m — [m]i\, the assertion 7^ = $^ of Theorem QT] is 
equivalent to 

t£ = *1 (33) 
Let p\{x) — (pi(x)ab) be the matrix for the left multiplication of x 6 U+{q): 

x-E? = J2^Pi(x)BA- (34) 

B 

Let further ni(g) — (iTi(g)AB) be the representation matrix of g £ A q (Q): 

The following element in the right quotient ring A 9 (g),s will play a key role in our proof. 

£ i = \ i (a i e i )/a i (i = 1,2). (36) 

See Definition |3] for Ui and (|39|) . (J4TJ) , (j42|) for the concrete forms in rank 2 cases. In Section 
15.31 we will check the following statement case by case. 

Proposition 12. For g of rank 2, 7Ti(<7j) is invertible and the following equality is valid: 

Pi{ei)AB = 7Ti(£i)AB (i = l,2), (37) 
where the right hand side means Xiir^aie^ir-^ai)^ 1 . 
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Proof of Theorem [77] for rank 2 case. We write the both sides of (|37|) as M\ B and the one for 
i' instead of i as M'\ B . From 

B,C B B B,C 

we have ^ B M'^, B ^i B = ^Z B Ic^ba- On the other hand, the action of the two sides of ([31]) 
with g = fa and j = i' are calculated as 

B B,C 

and 

B B,C 

Hence M^j B $^ = ^%M BA . Thus 7^ and $^ satisfy the same relation. Moreover the 
maps 7Ti and p\ are both homomorphism, i.e., iri(gh) = TTi(g)TTi(h) and pi(xy) — pi(x)pi(y). We 
know that $ is the intertwiner of the irreducible A q (g) modules and ([33)) obviously holds as 
1 = 1 at A = B = (0, . . . , 0). Thus it is valid for arbitrary A and B. □ 

Conjecture 13. The equality {37jj is valid for any g. 

5.3. Explicit formulae for rank 2 cases: Proof of Proposition 1121 Here we present 
the explicit formulae of (|34|) with x = ei and (|35[) with g = Oi^OiCi that allow one to check 
Proposition [121 We use the notation (i) = q l — q~ % . In each case, there are two i-sequences, 1 
and 2 = 1' corresponding to the two reduced words. Let x be the anti-algebra involution such 
that xi e i) — e i- Then the relation xi-Eft) — £y holds, where A — (a;, . . . ,02,01) denotes the 
reversal of A = (01,02, . . . ,a{). Applying x to ([34]) with x — ei yields the right multiplication 
formula Eft ■ ei = ^2 B E® p\[ei)BA for i'-sequence. In view of this fact, we shall present the left 
and right multiplication formulae for i = 2 only. 

As for (|35j) with g = £j in (|36j) . explicit formulae for Oi^Oiei £ A q (o) and their image by the 
both representations 7Ti and 7T2 will be given. We include an exposition on how to use these 
data to check (|37|) along the simplest A2 case. The C2 and G2 cases are similar. 

5.3.1. A2 case. 




b 3 



The g-Serre relations are 

e\e2 — [2]ieie 2 ei + e2e\ — 0, e\e\ - [2]ie 2 eie 2 + e\e\ = 0, 

where [m]i = (m)/(l). Let 61,62,63 be the generator for positive roots: 6 X = e 2 , 6 2 = — 
ge 2 ei and 63 = ex. In the notation of Section [2.21 they are the root vectors bi = ep i associated 
with the reduced expression w = s 2 sis 2 for 2 = (2, 1, 2). The corresponding positive roots are 
(/3i, /?2, ^3) = {pi2,cti + a2,ai). In particular, 6 2 = X^ei). Their commutation relations are 
6 2 6i = q~ 1 bib 2 , 6361 = 6 2 + 96163, 6 3 6 2 = q~ 1 b 2 b 3 . 

Lemma 14. For E 2 ' b ' c — b^b^b^, we have 

£/ 2 • ei = E 2 , 

i^a,b.c c—b T7,a+l,6.c , r 1 iha>,b-\-l,c— 1 

£; 2 ' • e 2 = g E 2 + [c\iE 2 ' 

ei • ^ 2 — 9 ^2 + [ a \lE 2 , 
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TTia, b,e 7Tia+l,&,c 
e2 • -^2 = -^2 

Proof. By induction, we have 

The lemma is a direct consequence of these formulae. 

Set E a /' c = x(^2 b ' a ) = xt&fM&IWf) = b%b'jb<i, where & 2 
applying \ to the first two relations in Lemma [T4l we get 

a — brpa,b,c+l , f„i giO— 1,6+1, c 



T71O1 ,b, C TTiCt+l.&.C 

ei ■ E ± ' ' = E 1 , 



j^a,b,c 

e 2 ■ E x ' 



□ 

e 2 ei - geie 2 . By 
(38) 



q - °£r ,w + Mi £ i a 

Thus we find pv(si) — Pi(e3-i). This property is only valid for A2 and not in C2 and G2. 

Let us turn to the representations tti of Aq(Ajt). The elements <7j in Definition |3] and o~iei 
are given by 

01 = *13, CT 2 = <12*23 - 5*22*13j <?iei=i 2 3, C7 2 e 2 = £12*33 - 9*32*13 ■ (39) 

See the exposition at the end of Section [3.3.11 and the remark after Lemma [5] 
From (fT4|) and (fT9|) with a, = (M = 1, we find 

7ri(<7i) = kik 2 , 7ri((Tiei) = a+k 2 , 7Ti(o- 2 ) = k 2 k 3 , 7Ti((7 2 e 2 ) = ajk 3 + kia^, 

where the notation like kia^ = k ® 1 <£> a + has been used. Since k 6 End(J 7 9 ) is invertible, so 
is 7Ti(cTi) and we may write 

TTiKi) = Aja+k- 1 , TTxfe) - A 2 (a-a+k- 1 + kik^a+k- 1 ), 

where Ai = A 2 = (1 — g 2 ) -1 . The action of each component on the ket vector \m)) := di. 
T qi (cf. ((211)) takes the form 

a+|m» = \-\?\tu + 1)), a-|m}} = [m^m - 1)), k|m}} - gj"|m», 

due to ([17]) . (The formula (|40|) is valid also for C2 and G 2 provided that a + , a , k are interpreted 
as A + , A - , K for i = 2.) Thus one has 

m(^)\a,b,c)) = \a + l,b,c)), nifa)\a,b,c)) = [o]i|a - 1, 6 + 1, c)) + q a - b \a, b, c + 1}). 

This agrees with ((38)) thereby proving (|37|) for i = 1. The other case i = 2 also holds due to 
the symmetry 7T2(£») = ^1(^3— i)- Thus Proposition [T2l is established for A 2 . 
In terms of the checked intertwiner 31 in Section 14.2) Theorem QT] implies 

This is valid either for i = 1 or 2 thanks to the middle property in (|2Tj) . This relation connecting 
the PBW bases with the solution of the tetrahedron equation is due to [19] . 

5.3.2. C 2 case. 



rn) e 



(40) 




The g-Serre relations are 

e?e 2 - [3]ie 2 e 2 ei + [3]ieie 2 e 2 - e 2 e\ = 0, 
e 2 ei — [2] 2 e 2 eie2 + e.\e\ = 0, 
where [m]i = (m)/(l) and [m] 2 = (2m)/(2). 
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Let bi, ■ ■ ■ , 64 be the generator for positive roots: 61 = e 2 , 6 2 = e\e 2 — q 2 e2ei, 63 = j^(eib 2 — 
62^1) and 64 = e\. Their commutation relations are 6 2 &i = q~ 2 b\b 2l 6361 = — g — 1 (1) [2] ^j -1 ^ + 
6163, &461 = 62 + q 2 b\_bi, b 3 b 2 = q~ 2 b 2 b 3 , b^b 2 = [2] 163 + 6264, 6463 = q~ 2 b 3 b A . 

Lemma 15. for ££> 6 > c > d = 6?6|6§6f , we have 

f^a,b,c,d ^a.b,c,d-\-l 

£j 2 ■ e\ = £, 2 , 

£a,b,c,d _ e2 = [ d ] ig d-2c-l^|,6+l,c,rf-l + 9 2(d-6)^a+l,b, C ,d 

- (l) g 2d - 2c+1 [c] 2 [2]r 1 -B2'' +2,C ^ 1 ' d + [d- l]i[d\iE 2 t ' b ' c+1 ' d - 2 , 

f^a,b.c,d ^a+l^jCjd 

e 2 • is 2 — -^2 
Proof. By induction, we have 

= 6?6 4 g 2 " + [n] 2 &r 1 >&2, 
6462" = [2]i Wi6r 1 6 3 9 _n+1 + b 2 b 4 , 
6463 = q' 2n b^bi, 

b%bi = [n}xb 2 b 1 l- 1 q n - 1 + bxb\q 2n + [n - l]i[ra]i& 3 &4~ 2 , 
^61 - -9 1 - 2n (l>[n] 2 [2]r 1 6ibr 1 + W£, 
b%b 2 = q- 2n b 2 b%, 

The lemma is a direct consequence of these formulae. □ 
Set E^' b ' c ' d — ^_[E 2 ' c ' h ' a ). The left multiplication formula for this basis is deduced from the 
above lemma by applying \- One can adjust the definition of in ([6]) with that in |25j by 
setting v = q^ 1 . 

Let us turn to the representations ni of A q (C 2 ). The elements Oj in Definition [3] and (Tjej 
are given by 

<7l = *14, a 2 — ti 3 t 2i - 9*23*14, Old = i 2 4, CT 2 e 2 = *i 3 * 34 - (7*33*14. (41) 

From (|T4")) and (|2"5)l with a, = /ij = 1, we have 

7Ti(o~i) = -kiK 2 k 3 , 

TTi(o-iei) = -a^K 2 k 3 , 

7ri(cr 2 ) = -K 2 k 3 2 K 4 , 

7ri(o-iea) = -a^ 2 A+k 3 2 K 4 - [2] 1 ark 1 a+k 3 K 4 - k^aflQ - A+ki 2 K 2 , 

Ar^xCa) =a+k 1 - 1 , 

A^Trifo) = a-'A+K,- 1 + k^A-K.-^+'kg- 2 + [^la-kiK^a+kg- 1 + k! 2 k 3 - 2 A+K 4 

7r 2 (o-i) = -k 2 K 3 k 4 , 

7T2(fiei) = -Kik 2 aJ - Kia^Aj^ - A 1 "a 2 h K 3 k4, 

^2(02) = -Kik|K 3 , 

7T2(o- 2 e 2 ) = -A^k|K 3 , 

ArVafe) = Ai a+k^ 1 + K^k^A+Kg 1 + KiK^a^ 1 , 

AJ^aKa) = A+K 1 ~ 1 . 

We find that 7rj (exj) is invertible. Comparing these formulae with Lemma H"5l by using (|4"0)) , 
the equality (|3"T)) is directly checked. Thus Proposition H"2l is established for C 2 . 
In terms of the checked intertwiner 3C in Section 14.31 Theorem QT] implies 

rpa,b,c,d \ " nrabed rjl,k,j,i 

ft 2 — 2^ iJ kl 1 
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Thus the solution to the 3D reflection equation [12] is identified with the transition coefficient 
of the PBW bases for U+{C 2 ). 

5.4. G 2 case. 

&3 




The q-Serre relations are 

eje 2 - [4]ie?e 2 ei + [4]i[3]i/[2]f x e\e 2 e\ - [4] iei e 2 e? + e 2 e\ = 0, 

e\e\ — [2] 2 e 2 eie2 + e\e\ = 0, 
where we remind that [m]i = (m)/(l) and [m] 2 = (3m}/(3). 

Let b\, ■ • ■ , be be the generator for positive roots: b\ — e 2 , b 2 = eie 2 — q 3 e 2 e\, 64 = -r-^(ei6 2 — 

qb 2 ei), 65 = T-^(ei&4 — g &4ei), b 3 = r— 7— (6 4 6 2 — g 1 b 2 b 4 ) and ^6 = ei. Their commutation 
[3Ji [3Ji 

relations are as follows: b 2 b\ — b\b 2 q~ 3 , 6361 = (l) 2 fe 2 g~ 3 [3]f 1 + b 4 b 3 q~ 3 , 6461 = 6164 — 

b 2 2 {l)q-\ Ml = M 5 <7 3 - b 2 b A {l)q- 1 - (q 4 + q 2 - l)hq~ 3 , b & b 4 = b^q 3 + b 2 , b 3 b 2 = b 2 b 3 q- 3 , 

b 4 b 2 = b 2 b 4 q' x + b 3 [3] 1, 6562 = 6265 - bKtyq- 1 , b 6 h = qb 2 b 6 + 64 [2] 1, b 4 b 3 = 6364 <T 3 , 6 5 fe 3 = 

(l> 2 6|g- 3 [3]^ x + 63&5T 3 , b 6 b 3 = b 3 b e - b 2 (l)q-\ b 5 b 4 = M 5 <T 3 , b 6 b 4 = [3] 165 + MeT 1 , 

6 6 6 5 = b 5 b 6 q~ 3 . 

Lemma 16. For E 2 1 ' b ' c ' d ' e 'f — b\b\ ■ ■ ■ 6g , we have 

£^a.fc,c,rf.e,/ £Sa.fc,c,rf,e,/+l 
^2 ' e l =ii 2 

ga M e,f . g2 = _ ( 1 )[ e ] 2g -3c-«tf3/-l^,W-l,c,d+l,e-l,/ 

+ (l) 2 [e - l] 2 [ e ] 2 [3]r 1 -Z- 3e+3/+3 ^2' fc ' C ' !i+3 ' e " 2,/ 

- (3)[d-l] 1 [d] 1 g- 3c - 2d+3e+3/+1 ^' b+1 ' c+1 ' d - 2 ' e » / 

- (l)[ d ] 1(? -6c-rf+3(e+/)^a :b+ 2,c,d-l,e,/ 

+ [/-l]i[/]i9- 3e+/ - 2 4 a ' 6 ' C ' £i+1 ' e ' / " 2 
+ [3] 1 [d] 1 [/] 1 ^- 2rf J B 2 l ' h ' c+1 ^- 1 ^' / - 1 
+ [f] 1 q~ 3c ~ d+2f ~ 2 E2 b+1 ' c ' d ' e ' f ~ 1 
+ q- 3 ( b + c ~ e -f) E a+1 > b > c ' d > e <f 

+ (i) 2 [ c ] 2 [3]r 1 -7 3( - 2c+e+/+1) s2' b+3,c_1 ' d,e ' / 

- (3)[d-2] 1 [d-l}i[d} 1 q^- d+e+ ^E^ b ' c+2 ' d - 3 ' eJ 
-{l)[e] 2 [f} iq - 3e+2 fE a ^ d+2 ' e - 1 'f- 1 



[e] 2 q- 3d+3f (Q 2d+1 mi-m 2 )E a 2 



e X ■ E^ b ' C ' d ' eJ = - (l}[ c ] 2 g3a+b-3c+2^a,6,c-l,d+2,e,/ 



pa,fc,c+l,rf,e-l,/ 

[/-2] 1 [/-l] 1 [/] lJ B 2 a '"- c - d ' e+1 ' / - 3 . 

2 
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+ [a] 2 E% 

^a,b,c,d,e,f £^a+l,6,c,d,e,/ 
e 2 ■ £/ 2 — £/ 2 



+ [3]i[6- l] 1 [6]ig 3a - b+2 ^' 6 - 2 ' c+1 ' d ' e ' / 

+ [3] ! [d] l9 3a+6-2d+2^,6,c«J-l,H-l,/ 
, r 3a+b-d~3e f^a,b,c,d,ej+l 

+ [2] 1 [&] ig 3 ( a ^£ 2 l ' b - 1 ' c < d+1 ' e ' / 

^a — 1,6+1, C,ci,e,/ 



Proof. By induction, we have 



6 6 &« = (? 3 "6«6 6 + [n] 2 ^- 1 & 2 , 

= [3]i<z 2 -> - l] x [n]i6r 2 63 + q n b%b 6 + [2]i[n]i6^ 1 6 4 
& 4 fc£ = q' 3n b^b A , 

b 6 b% = bp 6 - (l)q 2 - an [n} 2 b^-H 4 b 4 , 

hb^ = [zW-^H^t-^ + q-^ib^ 

6 6 &5 = q- 3n b^b 6 , 
and 

b%h = q n - 2 [n - llxMift^- 2 + 9 3 "&i&6 

+ (^"-^Mi&a&r 1 + [« - 2]i[n - lUMi&B&r 3 . 
6?6i - (l) 2 g- 3( "- 1) [n-l] 2 [n] 2 [3]r 1 fe 3 &r 2 +< Z 3 "6 1 6^ 

- <T 3 (<Z 4 + 9 2 - lJWaftsftr 1 - g - 1 (l)[n] 2 6 2 6 4 6r 1 , 



6^ 2 


= b 2 b^-(l)q 2 - 3n [n] 


2& 4 &4&r\ 




= q- 3n b4bl 






= -(3)q 6 - 3n ln-2} 1 


[n-lhMx^J- 3 -^ 




-(3)q 1 - 2n [n-l} 1 




6262 


= [3] ig 2 - 2 "[n]!6 3 6r 












= <r 3 ™foi&3 + (1) V" 


- 6 "[n] 2 [3]r 1 6l6r 1 ) 


6362 


— q 02O3 , 




656i 


= g- 3 "&i6™. 





5 2°4 



The lemma is a direct consequence of these formulae. □ 
A part of the above results have also been obtained in [24] . 

Let us turn to the representations 7Ti of _A g (G 2 ). The elements m in Definition [3] and <Tjei 
are given by 



0"! = *17> °2 = *26*17 — 9*27*16, 0"iei = *27i <?2e2 = *36*17 _ 9*37*16- (42) 



From (fl4|) and (|27|) with a, = /i; = 1, we have 
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7Ti(eri) = kiK 2 k|K 4 k5, 

7Tl(<7 2 ) = K 2 k 3 K 2 k 3 K 6 , 

^(o-iex) =a+K 2 k§K 4 k 5 , 

7ri(o- 2 e 2 ) = k 3 K 2 k 3 K 4 A+ + [2] 2 k3A 2 -K 2 A+K 4 k|K 6 + a-jAjkfKjkfKe 

+ [3] 1 a- 2 k 1 a+k 2 K 2 k 3 K 6 + [3] ia rk 2 K 2 k 2 K 4 a+k 2 K 6 - g[3] 1 k?A^K 2 k|A+K 4 k|K 6 
+ [3] 1 k?K2 a ^kia+ 2 k 5 K 6 + k?K2k|A4a+ 3 K 6 + [aliajfkfAja^kaKjkgKfl 
+ [3] 1 ark 2 K 2 a 3 -k 3 A+K 4 k|K 6 + k 3 A 2 - 2 a+ 3 K 2 k 3 K 6 + [3] 1 k?A 2 -K 2 a+k 3 K 4 a+k 2 K 6 
+k?K 2 a 3 - 3 A+ 2 kiK 6 + [3]ik 3 K 2 a 3 - 2 k 3 A+a+k 2 K 6 , 

AjVxfe) = a^A+K^ 1 + [2] 2 k?A2 kJ^+K^ 1 - g[3]ikf X A+K 



-l 

4 



+ [3] 1 ar 2 k 1 K 2 r 1 a+k 3 - 1 + [SWkKk^A+K, 1 + [3}^^ kg x a+kg 1 
+k?K 2 K4 1 k^ 3 A+K- 1 + plia-k^A-K^a^k- 2 + [^ikfA-a+k^K^a+ks 
+k 3 A 2 - 2 K 2 - 1 a3 +3 k 3 - 3 + [3] 1 k 3 K 2 a 3 -k 3 - 1 K 4 - 2 a 5 +2 k 5 - 2 +k 3 K 2 A 4 -K 4 " 2 a+ 3 k 5 - 3 
+k 3 K 2 a 3 - 3 k 3 - 3 A+ 2 K 4 2 + [3] 1 k 3 K 2 a 3 7 2 k 3 - 2 A+K 4 2 a+k 5 - 1 , 



7r 2 (cri) =k 2 K 3 k|K 5 k 6 , 
7r 2 (a 2 ) =Kik 3 K 2 k 3 K 



5< 



7r a (ffiei) = K!k 2 K 3 k 4 a+ + Ara+K 3 k 2 K 5 k 6 + K^KgaJ A+k 6 + K ia2 - 2 A+k 2 K 5 k 6 

+ [2] 1 K 1 a 2 -k 2 a+k 4 K 5 k 6 + KikjjAg aJ 2 K 5 k 6 , 
n a (a a e 2 ) = A+k 3 K 2 k 3 K 5 , 
A^^Ki) = Afa+k^ 1 + [2]iKia^K3 ^kj 1 + K^k^A+K,- 1 + K^a^k^A+Kg" 1 

+K 1 k 2 k 4 1 K^ 1 a+ke 1 + K^A^K^a^ 2 , 
A^Trate,) = A+K~ 1 . 

We find that 7i"i (<7i) is invertible. Comparing these formulae with Lemma [T6l by using (|40|) , 
the equality |37|) is directly checked. Thus Proposition [12] is established for G 2 . 
In terms of the checked intertwiner 5F in Section 14. 4[ Theorem QT] implies 

7^a,6,c.d,e,/ \ ^ rt-abcdef T-in,m : l,k,j : i 

£/ 2 — J ijklmn ^1 

6. Discussion 

In view of Proposition[T2lit is natural to expect that the map defined on generators of U+(q) 
as ej h- > ?7, := oieijoi extends to an algebra homomorphism from U£(q) to ^4 9 (g)5, namely, 77, 
satisfies g-Serre relations. In fact, it is true not only for rank 2 cases but also for any g. 

Theorem 17. In A q (q)s the following relation holds for any i,j (i ^ j): 

r=0 



Proof. By relabeling of Dynkin indices we can assume i — X,j — 2. Set t% = atei for i = 1,2. 
Then from Proposition [4] we have 

o-iTi = qmo-i (i = 1,2), aiTj =Tj(Ti = 1,2; iy^j). (43) 

Using (fl"2"|) with these relations one verifies 

»?M = q [ r+s){r+s ~ 1)/2 (r[r 2 rl)/(ala 2 a(). 

Here we have set s = 1 — a 42 — r. Recalling that crj and cr 2 commute with each other, we can 
reduce the claim to showing 

1 — Ol 2 

Z:= ^(-1)^=0. 
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Note that the right (resp. left) weight of Z is (1 — a\2)(vo\ — a\) + (w2 — «2) (resp. wo((l — 
012)^1 + W2))- The two weights are not related by the longest element wq G W . Hence if we 
show fiZ — Z fi — for any i, we can conclude Z = by the remark after Lemma O The 
properties fiZ = for any i and Z fi = for i ^ 1, 2 are trivial. 

First we show Z/2 = 0. We have 



where (3 = q 2 



(/t 2 ,roi-Qi) 



= q% 21 = q\ 12 and we have used ((43]). Hence, 



Zh 



E 



(-<?r i2 r 

WW- 



\r+s— 1 — ai2 

In the last equality we have used the following formula: 



£(-*)' 



i=0 



II 1 •'/ 



2j-m— U 



where [™] = [m]!/([i]![m - *]!) 
Next, we show Zfi = 0. 



(TiV 2 r^/ 1 =^rrv 1 (r 1 fcr 1 ) i - 1 (r 2 fcr 1 )(rifcr 1 ) s +nV2E^v 1 (nfcr 1 r 1 

i=l i=l 

= £ 57^ 1 - s <- 1 T2T 1 s a 1 + £ 7 l - 1 r 1 V 2 r 1 s -V 1 , 

i=l i=l 

where constants 7,(5 are determined by cri(rifc 1 " 1 ) = 7Tieri, ui^fc^ 1 ) = <5t2<7i and hence we 
have 7 = q iq - {hutUl - ai) =q\,8 = q -^^~ a ^ = Then, we obtain 



r+s=l-ai2 L J 1 J i=l i=l 
r+s=l-ai2 ' ' 

= £ ( - (-ir 1 ^-^ + (-lrgrM'Vj'- 15 )*! = o 



r+s—l — ai2 



as desired. 



□ 



By Theorem [T71 we could embed U+(q) into A g (g)s or A q (q). It will be interesting to 
investigate it further in the light of the quantum cluster algebra which has been recognized 
as a fundamental structure in the quantized algebra of functions [7]. The representations via 
multiplication on PBW bases also play a fundamental role in the study of the positive principal 
series representations and modular double [9]. 

In this paper we have not discussed the analogue of the tetrahedron and 3D reflection equa- 
tions for general q. However, from our proof of Theorem we expect that the basic con- 
stituents are R and K only, and their compatibility condition is reduced to the rank 2 cases ^ 
and ©. 
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